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The gain of a free-electron laser is calculated directly from
the Lienard-Wiechert field expressions both analytically and
numerically and from a 3-dimensional consideration. It depends on
the lateral dimensions of the electron beam and the stimulating
wave beam in a natural way and moreover, varies with the distance
of the detector from the device. If the detector is placed nearby
and the electron beam is broad enough, Colson's result (from
1-dimensional consideration) essentially recovered. In the actual
experimental situation where the detector is far away from the
device, the gain calculated analytically is found functionally
similar to Colson's. Comparisons and comments on Chan-Tsui's
result are also made.
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In the 70's, there were many papers about free-electron laser
(FEL) and it became a hot topic because of its high efficiency and
its tunability at high power.
Early in 1951 Motz(l) proposed a device called the undulator
and'investigated the radiation produced by passing a relativistic'
beam through a periodic wiggler magnetic field. Two years later,
Motz Thon and Whitehurst123 found experimentally ..that such a
design had very low efficiency due to incoherent radiation. In
order to have a higher efficiency, coherent radiation should be
(3)
produced instead of incoherent one. In 1972 ,R.B.Palmer
investigated the interaction between a circularly-polarized
electromagnetic wave and an electron passing through a static
helical magnet. The energy exchange between the electrons and the
field was well discussed and found that the electromagnetic field
can be used to bunch the electron to form a powerful laser device
due to coherent radiation.
As we now know, without a stimulating wave, the radiation
fields emitted by the electrons passing through a periodic wiggler
magnetic field will cancel out due to the uniformly distributed
phases of the radiation. On the contrary, with a stimulating wave
is present, a periodic wiggler magnetic field may provide useful
2gain. In the presence of the wave, the one-body electron
trajectory can be calculated according to the classical Lorentz
force equations. The phase-space paths for the electrons are
described by a pendulum equation and the electrons are bunched
spatially. As a result, the radiation fields produced by the
electrons is in phase with the stimulating wave and high
efficiency can be obtained due to the coherent radiation. This is
the'basic mechanism of the FEL.
The first experiment using a stimulating wave to produce
coherent radiation was performed by the Stanford research group
[4]
and the experimental result was reported in 1976. After the
publication of the experimental result, there were many theories
to explain the experiment. The most well-known one is that of
Colson c51 who gives a clear view of the the mechanism of the
FEL. The detail of his method is given in the appendix.
However, some conditions in Colson's method do not comply with the
experimental conditions. To see this, let us review the Stanford
experiment as follows:
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A 24MeV electron beam with cross section area lmm was sent
through a copper tube with a length of 5.2m. In the copper tube, a
3periodic magnetic field with a period of 3.2 cm was generated by a
superconducting right-handed double helix. A gaussian stimulating
wave with a wavelength of 10.6p m from a CO2 laser and was then
focused to a 3.3 mm waist at the entrance of the copper tube to
excit an EH 11 waveguide mode. As a result, electrons inside the
undulator were driven to move in a ciricular path and amplified
the stimulating wave. The maximum gain was found to be 7% per
pass.
In Colson's method, the assumption that the energy change of
the entire electron beam is totally converted into the radiation
energy has been made. As a result, the gain can be calculated by
considering the energy change of the electron beam. In his
calculation, a plane stimulating wave and an electron beam of
infinite lateral dimension are used. Under this condition, a
one-dimensional scattered wave are produced. However, from the
Stanford experiment as mentioned above, a gaussian stimulating
wave and an electron beam of finite lateral dimension were used.
Therefore, there is a large divergence of the scattered wave due
to small lateral dimension of the electron beam and only a small
part of the scattered radiation can be recieved by the detector.
It is quite different from that of using an electron beam of
infinite lateral dimension. Really, a 3-dimensional FEL problem
should be considered instead of 1-dimensional problem when the
4actual experimental conditions are used.
In this thesis, a 3D FEL is investiagated analytically and
numerically. Using a gaussian stimulating wave and an electron
beam of finite lateral dimension, the gain can be calculated
directly from the Lienard-Wiechert field expressions. It should be
pointed that Elias and Gallardo has also used the
Lienard-Wiechert field expressions to consider the FEL gain in a
totally numerical way and from a 3-dimensional stand point.
However, their method is quite different from ours.
In Chapter 2, the motion of an electron inside the undulator
is investigated. In the calculation. a plane stimulating wave is
still used. It is because the electron does not interact with the
incident gaussian stimulating wave but the waveguide mode EH
11
excited by the gaussian stimulating wave. The waveguide mode EH11
acts like a plane stimulating wave and the trajectory of the
electron is approximately correct when the plane stimulating wave
is used.
In Chapter 3, we will investigate the effect of the lateral
dimension of the electron beam on the radiation field and hence
the scattered radiation field can be calculated. Then, the gain is
calculated both anlytically and numerically. We will find that
the gain depends on the lateral dimension of the stimulating wave
and the electron beam in a natural way for a distant detector. The
effect of electron length on the gain-is also discussed.




(I) Motion of an electron inside an undulator
Consider an electron in an undulator of magnetic field B and
V
in the presence of a stimulating wave, the equation of motion is
(2.1)
where E and B are the electric and magnetic fields of the
is the magnetic field of thestimulating wave
undulator, z-axis is the axial of the undulator, c(I is the
Note that the equationvelocity of the electron and
of energy is
(2.2)
which follows from (2.1)
The following assumptions have been made in the above equations:
(a) Coulomb interaction between electrons is negligible
(b) radiation reaction force is negligible.
In order to calculate the motion of the electron, let us




where the relation has been used.
From equation (2.4), we see that the magnetic field of the
stimulating wave applies a force -e(3 E on the electron while the
z s
electic field of the stimulating wave applies a force eE on it.
s
The two forces are opposite to each other and they are almost of
the same magnitude for (3 =1. Since the stimulating field is quite
z
weak compared to the magnetic field of the undulator and the
forces acted by the stimulating field on the electron almost
cancel, the stimulating wave has no significant effect on the
perpendicular motion of the electron. It is therefore a good
approximation to write the Eq.(2.4) as follows
(2.5)
To proceed furthur, firstly we will consider the motion of
the electron under the influence of the undulator magnetic field
8only. Since the transverse electron motion is approximately
determined by the undulator magnatic field only, we will see that
under such a magnetic field the electron will be driven to move in
a circular motion. We will also consider the influence of the
stimulating wave on the electron motion and we will see that it
can bunch the electron.
First of all, let us consider the electron motion under the
undulator magnetic field only and let the field be
(2.6)
or the vector potential be
(2.7)




Since the magnetic field does no work on the electron, we have
(2.11)
another constant of motion.
From Eqs. (2.9) and (2.10), if we define (R=x+iy and aC=K1+iK2, we
have
(2.12)
• have been defined.where
Therefore,
(2.13
If z= c( is required to be a constant, we have
10
is required to be a constant, we have
From Eq.(2.11), 11R14 must be a constant. Therefore aC must be
chosen such that the first term of the above equation is zero.




Under the magnetic field of the undulator, electrons are
driven to move in circular path as shown in the Eqs.(2.15) and
(2.16) and the parallel velocity of electron is a constant. For
each electron in the undulator, they are oscillating at the same
frequency and the same amplitude and then give radiation. However
the phase of the radiation emitted by the electrons is uniformly
distributed due to the constant motion of the electrons along
z-axis. The radiation fields of the electrons cancel out and
hence no net gain is obtained. In order to have gain, a force must
11
be applied to bunch electrons. Although the effect of a
stimulating wave on the electron trajactory is .small, the force
applied by a stimulating wave can bunch electrons and hence net
gain is obtained. This is the basic mechanism of FEL. We are going
to investigate the longitudinal motion of the electron under the
influence of a stimulating wave and let the tranverse motion of
the electron remains the same as discussed above.
In order to simplify our calculation, we only consider the
case B -=O. Under this condition, the perpendicular velocity of
the electron is reduced to
(2.18)








whereis the angle between and F
is the initial position and c(3 Q is the undisturbed, electron
velocity along the z-axis, we have
(2.21)






This is the well-known pendulum equation and the phase-space










From the graph, we see that the electron motion may be
described by an open curve or a closed curve. It depends on the
initial phase £ , the initial velocity of the phase and the factor
2
Q which depends on both the electric field of the stimulating
wave and the wiggler magnetic field of the undulator. For a weak
2 2
stimulating wave such that Q 5w , most of the electrons follow
the open curves. In this limit, we can expand the solution by
2 2
using the small parameter (Q 6w ) and the solution (refer to
1 » C5] X •
Colson s paper ) is
(2.23)
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Here we see that the stimulating wave bunches the electrons
about the length of X (the wavelength of the stimulating wave).
The influence of the stimulating wave on the electron trajectory
is quite small but it can cause the electrons radiate in phase
with the stimulating wave.
15
Chapter 3
(I)Lienard-Wiechert field and the IT/2-phase
The scattered radiation field can be calculated directly from
the Lienard-Wiechert expression given below
(3.1)
where n is the unit vector pointing from the radiating source to
the observation point, R is the distance between the radiating
source and the observation point, and[] means that the
ret
expression included is evaluated at the retarded time T which
satisfies T= t- R(T)/c.
Note that for 3= 0, we havE
(3.la)
Eq.(3.1) describes the radiation' field E from an electron.
e
The total scattered radiation field due to all the electrons is
(3.2)
Before calculating the total radiation field E , we are going
r
to study the effect of the transverse size of the electron beam on
the radiation field. Actually, the electron beam is not • a line
beam, it has a finite dimension in the (x,y)-plane. Let the
i
electrons be distributed over a disc p and the electron density
eO
profile may be described by a gaussian function, i.e.,
2 2 2
n=n exp(-(x + y )p ). Now,' let us concentrate on a slab of the
o eO
beam with thickness Az. The slab is travelling along z-axis with
uniform velocity c$0 Under the wiggler magnetic field, the





Without loss of generality, we can use a linearly polarized
magnetic field instead of circular one to simplify the
A
calculation. Then the election motion is in the form of Acos(w t)x
e
A
(or exp(iw t)x in complex notation) where A is the amplitude , w
e ©
is the frequency of the electron oscillation and w = 13 w (where
e 0 0
w =ck =2ttcA with A. is the spatial period of the magnetic
o o o o
field). All the electrons in the slab are oscillating at the same
frequency,amplitude and phase. What is the radiation field AE
r
observed at a position (X,Y,Z)?
v:
In order to treat the problem, we transform the whole system
from the lab. frame S into a co-moving frame S in which the
electron slab is at rest.
CxW)
DHTECTcR.
In S frame ,the electrons are oscillating at frequency w
e
A




electron acceleration is therefore given by -w Acos(wt)x (or
e e
-w2Aexp(iwt) ).Note that w = w (where w is the frequency of
e e e O O
the magnetic field in S frame) and from Eq.(3.1a), the scattered
radiation field AE due to an electron slab observed at (X,Y,ZM)
r
is
where R is the distance between an electorn located at
(x,y,z) and the observation point (X,Y,ZM), and t = t-Rc
ret
c. Note that in calculating
18
tret we only consider the centre of the electron. In fact, the
electrons are oscillating with the amplitude' A and then the
position of the electron varies from time to time. However, the
above expression for t{ is approximately correct since the
far-field approximation is satified
the Stanford experiment.
Assume that and then
when is the number of electrons in the slab
I=Z-z is the distance between the slab and the observatior
point.
After integration. we have
where 2 has been defined.
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We now want to find the corresponding field in the lab.
frame. To do this, we note that the field transformation relation
is
(3.4a)
and the space-time transformation relation is
(3.4b)
From the space-time transformation equation given above, the
amplitude of the oscillation remains the same, i.e., A= A, the
distance I between the slab and the observation point is related
the retarded distance I^Qis therefore given
the frequency of the magnetic
and the factor
is the
frequency or the emitted radiation)
20





The radiation field AE r in Eq.(3.5) is produced by electrons which
oscillate along the x-axis. For the circular motion of the




There are some features about the scattered radiation field AE as
r
follows:
(a)the radiation field is of the gaussian shape. This .property
will be found useful in Sect.III a.
(b)the phase of the radiation field at the observation point
depends on the lateral size of the electron slab.
(i)for a nearby detector such that the condition n
is ratified( where X is the wavelength of the scattered
r
radiation), the radiation field AE at an observeration point
r
on the z-axis is
In this limit, the radiation field is a constant and there is
a phase difference -rr/2 at the observation point between the total
radiation from a slab of electrons and that from electrons lying
on the z-axis.
(ii)for a distant detector such that the condition
is satisfied, then-
(3.7)
In this limit, the radiation field is inversely proportional
to retarded distance Iret and there is no phase difference at the
observation point between the radiation from a slab of electron
22
and that from electrons lying on the z-axis. The result is obvious
because for small p, all the electrons maybe seen to be as
eo
lying on the z-axis and no difference phase of radiation from
different electrons is observed at the observation point. Hence
the radiation field E (O,O,Z,t) due to electron slab= (number of
r
electrons on the slab) x (the radiation emitted from an electron
lying on z-axis with retarded distance Iret).
(iii)Generally, the radiation field E (O,O,Z,t) from an electron
r
slab can be replaced by (number of electrons on the slab) x
(the radiation emitted from ank exp t 1 L41i
electrons lying on the z-axis with the effective retarded distance
. We will find this useful in the
calculation of the total radiation field in the following section.
23
(II) Calculation of the radiation t ield
Using the electron trajectory as obtained in Chapter 2 we
are now ready to calculate the total scattered radiation Bela tr
from the Lienard-Wiechart field expression. The radiation field
due to a single electron can be easily obtained by using the
assumption that the electron motion was governed by the wiggler
magnetic field of the undulator only. Hence the electron is in
circular motion described by Eq.(2.18) and the radiation field
is found to be
(3.8)
(if we do not use the assumption, the radiation field E will
e
contain some terms in which the stimulating wave was involved but
these terms are small compared to the above one. Such an inclusion
increases the algebra but gives no interesting physics. Therefore
the above equation is a very good approximation).
The total scattered radiation field I is obtained by summing
r
up all the contributions 'from the electrons. The effect of the
stimulating wave should not be neglected in the summation because
although the stimulating wave has no significant effect on the
electon motion, it causes a nonuniformly distributed phase of the











Consider a continuous electron beam entering the undulator as
shown above. Let the position of the nth electron along the z-axis
be z (t) and R be the distance between the nth electron and the
n
observation point be -(O,O,Z). Then
In order to simplify the form, we use z' to respresent the
n
retarded position of the nth electron, R' to respresent the
n
retarded distance,
where T is the retarded time for the nth electron ,saLisiying
25
Then the''total radiation field Er is reaucea La
(3.10)
where r
As mentioned in Sect.I, for an electron beam with raaius p
we can replace the distance Rn as
(3. 11a)
and the phase of the radiation
(3.11b)
Hence the total scattered radiation iielu i
(3.1Z)
and then the calculation for the scattered radiation field is
simplified because only the z-axis position of electron need to
be considered.
26
For the nearby detector condition, the scattered radiation field
is reduced t
(3.13a)
while for the distant detector condition, the scattered
radiation field is
(3.13b)
In the Stanford experiment, the beam area is 1mm and zne
wavelength of scattered radiation is about A lU.bxlU in. men zr
is calculated to be 9.4cm and it should be much smaller Lnan L
z'. The distant detector condition is satisfied. Moreover, assume
that the detector is far away from the device such that
we have
(3.14)
To proceed further, the retarded position for the nth
electron should be found. From the pendulum equation given in




(where z0 is the initial position of electron, is the
disturbed position due to the stimulating wave and 0 is the phase
angle of the stimulating wave)
Now suppose the stimulating wave is
Now suppose lst electron reacnes z=u au u L, a V11V
stimulating wave at phase,
nth electron reaches z=0 at sees tine
stimulating wave at phase
Note that
uence the position z for the nth electron is
(3.16
The retarded position z' is
where az'(t) is the disturbed position for the nth electron at the
n
retarded time.






The scattered radiation field E (O,O,Z,t) can be calculated by
r
substituting (3.18) into (3.14), we have
(where
(3.19)
(where No is the total number of-electrons inside the undulator
for a continuous beam and To is the time an electron takes from
z=0 to z=L)
In the above equation, the range of the integral is selected





Only the electrons entering the undulator at a time between
ana t-L/c nave contribution to the field
detected at position Z and time t. Hence the total number of
electrons whose radiation can interfere with each other at Z and
time t is N
For a weak stimulating wave, the motion of an electron can be
as given inexpanded in terms of the small parameter-




where 1 and bwT_ 1) has been taken.
Eq.(3.19) can be rewritten as follows for the weak stimulating
wave,
(3.22)
(since 1 for a weak stimulating wave
30
Using Eqs(3.21) and (3.22), the scattered radiation can be
calculated. The first integral in (3.22) is due to the uniform
motion of the electrons and the radiation of the electrons cancel
out. The second integral is due to the disturbed motion of the
electrons and the scattered radiation is found as follows:
Firstly, let us simplify the expression for the scattered
radiation field E (O,O,Z,t) through the following symbols
Then the radiation field for a weak stimulating field is,
(sin(bT )-sin(bT -2bg-fg))/(2b+f)- 2 (s in(bT)-sin(bT+fg)) /f
-(sin(bT) -sin(bT-2bg-2fg))/(2b+2f)- g(cos(bT)+ cos(br+fg))
+fg cos(bT-2bg-fg)/(2b+f)- f (sin(br)-sin(bT-2bg-fg))/(2b+f)2
(cos(bT)-cos(bT-2bg-fg))/(2b+f)+ 2(cos(bT) cos(bT+fg))/f
-(cos(bT) -cos(bT-2bg-2fg))/(2b+2f)+ g(sin(bT)- sin(bT+fg))
-fg sin(bT-2bg-fg)/(2b+f)- f (cos(bT)-cos(bT-2bg-fg))/(2b+f)2
(3.23)
31
From*the equation given above, it is interesting to find that
the frequency of the scattered radiation is exactly equal to the
frequency of the stimulating wave through the bunching effect. The
scattered radiation is a combination of sinusoidal functions-
some terms of it will rotate in the same sense with the
stimulating wave while the other terms will rotate in the opposite
sense. There will be no contribution to the gain from the terms
rotating in the opposite sense after the time average is taken.
The summation of the terms rotating in the same sense with the
stimulating wave will form a large term which makes a contant'
angle (depending on 6w) with the stimulating wave. When the angle
is less than rr/2, the amplification of the stimulating wave will
happen. Conversely, the diminution of the stimulating wave will
happen for the angle greater than n/2. For a certain 6w such that
the angle is small and the amplitude of the radiation field is
large, the maximum gain will be obtained.
32
(III)The gain
(a)The expermental- conditions and derivation of some formulae
Under the effect of the stimulating wave,'the electrons emit




where means time average
Before calculating the gain, we should know more about the
experimental conditions in order to get a correct result. From the
Stanford experiment t43, the stimulating wave emitted from a C02
laser was focused to a 3.3mm waist at the entrance of the
interaction region. Because of the finite lateral dimension of the
stimulating wave, it will be more accurate if we describe the
stimulating wave as a gaussian wave instead of a plane wave. The
[ 97
gaussian wave is given as below:
(3.25)
Note that:
(a) the equation above has a similar form as Eq.(3.5b) which
describes the radiation from a travelling electron slab.
(b) a plane stimulating wave can be obtained from (3.25) by
setting p to infinty.
so
The gaussian stimulating wave is quite different from a plane
wave. Firstly, it is gaussian in intensity distribution. Secondly,
the spot size p will increase as z increases and hence smaller
s
amplitude of the stimulating wave for a larger z. - Thirdly, two
phase factors appear - one is and the
-1
other one is tan (zz ) which causes rc2 phase shift for z »
s
z =3.2m. In the Stanford experiment, the detector is far away from
s
the undulator and the n2 phase shift should be considered and the
result is quite different from that of using a plane stimulating
wave.
We may ask whether the electron trajectory given in Chapter 2
is correct where we use a plane stimulating wave. In order to
solve the problem, we should look into the experiment situation.
From the experimental paper, we find that the electrons do not
interact directly with the stimulating wave but the EH
n




According to Marcatili and Schmeltzer , the r and $
components of the EH mode is approximately equal to
11
(3.26)
where A is a constant, J is the Bessel function of the first
0 o
kind, u is the first zero of J and a is the radius of the
01 o o
copper tube. The axial field component of the EH mode is small
and we can neglect it.
In the experiment, the ratio of the radius of the
%
stimulating wave and the radius of the copper tube ..is chosen to be
0.64 and in this ratio,98% of the energy in the gaussian wave will
CIO]
be coupled to the EH wave-guide mode.
ll
Since the high coupling between the gaussian wave and the
EH mode, it is a good approximation to replace the electric
11
field amplitude of waveguide mode by that of the gaussian
stimulating wave at z=0 (the entrance of the undulator), we have
-V
then the field E inside the copper tube is
11
(3.27)
2 2 2 2 2
(since x + y -(radius of electron beam) = 0.318mm « p )
so
Therefore the electic field of the copper tube is
approximately equal to a plane stimulating wave and the electron
trajectory calculated in Chapter 2 is approximately correct.
There is one more thing to be noticed. In the Stanford
experiment, the acceptance solid-angle of detector 0 is 5x10 Sr.d
The solid-angle of the gaussian stimulating wave can be calculated
as follows:
The deflection angle of the gaussian stimulating wave is
(3.28)
The solid angle of the stimulating wave Q is
s
(3.29)
Similarly the solid angle of the scattered radiation is
Sr where p is the radius of electron beam.
GO
Hence we see that • Q » 0 Q . It means that only a snail part of
r d s
scattered radiation is recieved by the detector.
Due to the divergence of the waves ,different gain will be
measured on the different position of the detector area. We should
take the spatial average over the detector to get a final result.
Let the position of the detector be (X,Y,Z) ,the radius of the
detector be p and Z be very large such that Z » z ,z , L( length
d s r
of undulator). The gain in Eq.(3.24) can be rewritten as
(3.30)
where ~ means the spatial average
The first term in (3.30) is
(3.31)
where g is a geometrical factor defined by
1
In the Stanford experiment, Z is large such that the solid
2 2 2
angles Q and Q are well defined ,then p ,p and p, at z=Z are
r s r' s d
2 2 2
Q Z tt , Q Z rr and Q Z rr respectively. Using the experimental
r s d
data, g =1.61 and then
1
(3.31a)
(Note that in the spatial average we do not consider the effect of
2 2 2 2
phase factor k (X + Y )[2Z(l+z Z )] arised from the gaussian
s s
stimulating wave. It is because that according to equation (3.5b)
••
2 2 2 2
there is also a phase factor k (X + Y )[2Z(l+z Z )] in the
r r
scattered radiation and these two phase factors are almost equal
when Z » z ,z . These two phase factors cause E and E rotate in
r s r s
the same sense and almost same magnitude and the dot product
E E is unchanged.)
r s
The second term in equation (3.30) is
(3.32)
From the experimental data, g =3.09 and then the gain G
2
(b) Analytical derivation of the gain
In this section, we are going to calculate the gain
analytically. For a low gain FEL such as the one in the Stanford
experiment, the first term of gain expression in (3.30) is much
larger than the second term and hence
(3.33}
where, from Eqs.(3.19) and (3.20),
Since the detector is far away such that Z » z ,the gaussian
s
stimulataing wave E (0,0,Z) is2
(3.34)
Hence the gain G (0,0,Z) is
Now, let s be (t-Zc-t )(l-{1 ) and (p be -w t (the phase o:
n O s n
stimulating wave seen by the nth electron at z=0),then
and the gain G (0,0,Z) is
l
Since s is a dummy variable, we can use variable t instead of
it. Moreover,from equation (2.22) it is easy to rewrite the above
equation as
40
We can reset the range of o such that 27T a0 and the result
will not change because d2(oz)/dt2is a periodic function of o•
Then we can exchange the integral and we have
(3.35)
(where means the pnase S0 aveLaSCJ
The spatial averaged gain is
(3.36)
41
Compared to Colson' s result (Appendix I), the gain expression
Fq(3.36) is similar to that of Colson's except nor Lne
The difference isgeometrical factor g, and the factor
due to the different conditions used. In Colson's method, a plane
stimulating wave and an electron beam of infinite lateral
dimension are assumed. However, in our method, a gaussian
stimulating wave and an electron of finite dimension are used.
anDears automatically in our gainNote that the racLor
expression and this factor is due to the divergences or the waves
(the deflection angle is inversely proportional to the initial
(i.e.spot size). Altnougn Colson had added the factor
the so-called filling factor) in his calculation, the
interpretation of this factor is quite different from ours. A
detailed comparisons with the works of Colson will be made in the
next Chapter and we will find that for a nearby detector,
our result will reduce to Colson's.
For the case of a weak stimulating wave, Eqs.(2.23) and (3.3b)
lead to the following gain expression
From the above equation, the gain is an odd function of owTC
and a plot of the gain (analytical) against b wTo for a weal
stimulating wave is given in Fig.l.
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(c)Numerical derivation of the gain
From the experimental data, the stimulating wave is not quite
weak. It means that the phase-space paths for the electrons are
not only open curves but also closed curves. The expanded
Eq.(1.20) is not really correct for some electrons. In this
section, without assuming that the stimulating wave is weak, we
will calculate the gain in a numerical way.
First of all, let us consider the electron trajectories:
According to Chapter 2,the motion of an electron is
From the above equation, there are two cases
(a)Open curve
always great than zero and we have
(3.38)
where+ for c5wO and- for 6w 0
(b)Closed curve
and we have
and then change the variable by using the relation
sin( /2)=sin( a/2)sinc and the equation of motion can be rewritten
as below
(3.39)
From the graph shown below , p is positive for both c5w and -c5w.
Also we can determine p=p( t=0) from the graph. The value p for a
given ? is : I p I tt2 for 6w0 and I p I 712 for 6w0.
o o o
Eqs (3.38) and (3.39) can be solved by using the Runge-Kutter
method. Knowing the electron trajectory , we can calculate the
gain. From Eq. (3.30), the gain expression consists of two parts:
G and G and the first one is much larger than the second
l 2
one. In the analytical section, we had neglected the second one to
simplify the calculation. In this section, the second term is also
considered.
r A
A plot of the gain G against 6wT for various I (the intensity
10 3
A
of the stimulating wave) are given in Figs.2-5 .The gain G is
1
calculated according to Eq.(3.36) where d(6z)dt is obtained by
computer. From the graphs, the gain is different for different
intensity of the stimulating wave. For stronger instensity of the
stimulating wave, the gain will be smaller and the position of the
|4
maximum gain will shift away from the orgin. But, for a relatively
2-2 3-2
weak stimulating wave where I is 1.4x10 Wcm or 1.4x10 Wcm ,the
s
gain curves agree with the analytical result and the gain does not
f
depend on the intensity of the stimulating wave in this limit.
However, the stimulating wave in the Stanford experiment is not
5 -2
weak (I =1.4x10 Wcm ) and the gain curve is not similar to that
s
of a weak stimulating wave. Under this condition, the maximum gain
will shift down to 3.4% at 6wT =3.1. Also-, we found that G is
o i
an odd funtion of 6wT . It can be proved as follows:
o
From the equation of motion, we know that
and
Then we have
Taking average over phase,
(since £ is a periodic function of £ )
Since G « 6z(t, ), G is an odd function of 6wT .
10 1 o
5-2
A plot of the gain G against 6wT for I =1.4x10 Wcm is given
2 0 3
in Fig.6. From Eqs (3.19) and (3.30), we can find that
(3.40)
From the graph, we find that G is much smaller than G . It is
2 i
not only due to E «E but also due to the factor
r s
2 2 2
{p p ) .Therefore, it is a good approximation to neglect G .
eO so 2
A plot of maximum gain against lnl is given in Fig.7. In the
s
Stanford experiment, the gain was observed to be independent of
5 -2
I ranging from 100 to 1.4x10 Wcm . In our result, we find that
s
5 -2
the maximum gain at I =1.4x10 Wcm is about 12% less than that of
s
the weak stimulating wave and there is a rapid decrease of the
5 -2
maximum gain when I is larger than 1.4x10 Wcm . This
s
C8 ]
qualtitative feature is similar to that of Chan-Tsui.
SJ
Figuro 1 A plot of G y (analytical) against 5wTit
AFigure 2 A plot of G against 6wT with I =1.4X102ffcm 2
l 0 s
A




Figure 4 A plot of G against 6wT with I =1.4X10 Wcm
l Os
(the Stanford experimental condition)
—9




Figure 6 A plot of G against 6wT with I =1.4X10 Wcm
2 Os
Figure 7 A plot of the maximum gain againstjvtf
s
(d)The gain from an electron beam pulse
In the above sections, the gain of the FEL for a continuous
beam is calculated. In the Stanford experiment, the beam is not
continuous but a pulse with a length of L = 1.3mm and the pulse is
e
emitted every 84.6ns. In this section, we are going to consider
the effect of the electron length on the gain.
As an electron beam pulse is used instead of a continuous
beam, the scattered radiation have a finite length. As a result,
the detector will not recieve the scattered radiation all the time
and the time average may be taken from the time that the head of
the scattered radiation pulse reaches the detector to the time
that the tail of the scattered radiation pulse reaches the
detector.
To further proceed, let us seperate the electron pulse into
many sections each with a length of A. . We label the nearest
s
section from the detector as the 1st section, the next one as the
second section, and so on. For each section, the scattered
radiation emitted has a length of L =(1-? )L(? where L is the
p o o
length of the undulator. A sketch of the scattered radiation and
the electron pulse is shown below:
At the detector, the radiation field 6E due to the 1st section
ri
of the electron beam pulse is a function of time,
Obviously f(t) is non-zero only within a time interval of L c;
P
without loss of generality, we let f(t) non-zero within [0,L c].
P
Note that the shape of the radiation pulses from the sections are
similar. Then the radiation field OE due to the 2nd section of
r2
the electron beam pulse at the detector is
and so on.
The total radiation field recieved at the detector is
where S is the total number of the sections
e
Now, consider the time-averaged gain for an electron beam pulse
where the time average is taken from the time t=0 when the front
part of the radiation reaches the detector to t=(L +L I3 )c when
p o o
the rear part of thr radiation gets to the detector.
Since the stimulating wave is a periodic function of time
satisfying
(3.44)
where has been substituted.
For L becoming infinite, G approaches
e pulse
(3.45)
which may be recognized as the gain for a continuous electron
beam.






We find that the gain for an electron pulse is smaller than
the gain for a continuous beam. From the experiment data, the
factor L/(L (1-( )+L )= 0.43. Therefore, the gain for the two




(I)Comparisons with the works of Colson
In our calculation, we know that the gain depends on the
lateral dimensions of the electron beam and the stimulating wave.
The position of the detector is also an important factor for the
gain. However, we had limited our calculation to ,.large Z (i.e.,
the detector is far away) to simplify the calculation and this
agrees with the experimental condition. If the detector is not
far away, the calculation will be complicated but can be done in
a numerical way. In Colson's method, a plane stimulating wave and
an electron beam of infinite lateral dimension are used. This
could means that the detector is very close to the undulator so
that the stimulating wave is plane and the lateral dimension of
the electron beam is seen to be large, but, this does not comply
with the experimental conditions. Nevertheless, we should expect
that our formulation will give to Colson's result if broad beams
and nearby detector are assumed. Moreover, it is of interest to
see why his result is quite similar to ours for a distant
detector. In order to answer these problems, we consider in the
following the gain for a nearby detector and then compare it with
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the gain for a distant detector. In the general case, the gain
expression for a continuous beam is
where
(4.1)




(ii)For the case of a distant detector such th o y rJ
2




From Eqs (4.2) and (4.3), we find that shape of the gain curves
(a plot of gain against 6wT ) are the same for the two cases
o
because the dot products within the average sign are equal.
Since we have obtain the result for a distant detector before,
this means that the gain in Eq (4.2) for a nearby detector can be
readily evaluated. Furthermore, this also shows that the gain
shape for a nearby detector is the same as Colson's.
Refering to Chapter 3, the dot product for a nearby detector is
Therefore, G (0,0,Z) for a nearby detector is
Now, consider the geometrical factor g .For a distant detector ,
1
the factor is
while, for a nearby detector, the factor is
where P » P ,P are assumed. However, these two g 's refer to
d so ©O 1
gaussian profile of the waves while Colson essentially assumed
square-barrier profiles of the wave. If the square-barrier profile
of the waves are used in the calculation and for a nearby
detector,the corresponding geometrical factor is found to be equal
2 2
to Colson's filling factor (p p ) and the gain for a nearby
©O SO
detector is exactly the same as Colson's result.
In our method, we calculate the gain directly from the
Lienard-Wiechart field. It is different from the method of Colson
who assumes that the energy loss of the entire electron beam is
totally converted into the energy of the radiation from which the
gain is obtained. Although the gain in Eq (3.36) or (3.37) for a
weak stimulating wave is quite similar to that of Colson, they are
quite conceptually different. As mentioned above, Colson's method
corresponds to the case that the detector is very near and the
beams are broad but this is not true in the experiment.
Moreover, some problems in Colson's work when compared with the
Stanford experiment are given as follows:
(i) the product of the electron density and the filling factor was
7 -3
taken by Colson to be 6.4x10 cm in Colson's method. However, in
the experiment, the electron current is 70mA, the area of the
electron beam is 1mm2and the area of the stimulating wave is
x2 2 P -3
71(3.3) mm . Hence the actual electron density is 1.38x10 cm and
then the electron density multiplied by the filling factor is
which is 46.4 of Colson's value.
(ii)in Colson's work, a weak stimulating wave is assumed and then
the motion of the electron can be expanded in terms of the small
2 2
parameter Q 6w . The parameter is not small for the Stanford
experiment. For example ,if we calculate the parameter with
6wTq=2. 605(the position of the peak gain for the weak stimulating
wave), the parameter is found to be 0.69 which is not small. In
fact, we have used the computer to calculate the gain and the
gain curve for the experimental condition is not quite the same as
that for the weak stimulating wave.
Although our result is quite similar to Colson's, the two
methods are conceptually different from each other. In our method,
the gain varies with the distance of the detector from the device
while in Colson's method, the distance does not appear in his gain
expression. It seems that the detector is placed nearby in his
method but this does not comply with the experimental condition.
Moreover, the geometrical factors are quite different from each
other due to different conditions used. A sketch of the radiation
The two cases shown above are quite different and hence
different results are arised.
(II) Comparisons with the works of Chan-Tsui
In Chan-Tsui's method, the scattered radiation is calculated in
the co-frequency frame in which the stimulating wave and the
periodic magnetic have the same frequency. In their method,
they use a plane stimulating wave and an electron beam of large
lateral dimension such that there is a tt2 phase shift in the
scattered wave. Under this condition, for a weak stimulating
-3
wave,the gain should be proportional to y from our result andB
this agrees with Colson's theory. However, in their theory, the
3
gain was claimed to be proportional to y when compared to
B
Colson's result. Some problems are arisen in their theory:
(i) Some terms (e.g. so-called the effective number of the
electrons N ) appearing in their final result are also y
eff B
dependent . Therefore, their claim seems not justified.
2 12
(ii)Furthermore, there is a factor (Q np ) in Chan-Tsui's
d eo
method where Q is the solid angle of the detector. This factor
d
acts as (1effective distance). However, as mentioned in Chapter
2
3, the factor should be 1(rrp A ) for a nearby detector
eO r
condition.
In Chan-Tsui's method, there is a factor which represents
the degree of the coherent effects in their theory. In our method,
a similar factor gjj can be defined as
where N is the number of the elctrons within length L .
P' P
Refering to Chapter 3, the above equation can be simplified as
For a weak stimulating wave, g.. is found to be
Maxmium g„ is 0.319 at 6wT =2.605(or the incident electron
II o
energy=24.539MeV). For the intensity I of the stimulating wave
s
5 -2
equal to 1.4x10 Wcm , is found numerically to be 0.274 at
6wT =3.1(or incident electron energy=24.545MeV).
o
When compared with Chan-Tsui's method, the degree of coherent
effects f., is found to be 0.294 at 6wT =3.3(or the incident
electron energy =24.55MeV) for Thp nnhprpnt.
factors are quite similar to each other.
(III) Conelusion
In this thesis, the gain for a FEL calculated from the
Lienard-Wiechert field expressions and from a 3-dimensional
consideration. The effects of the lateral dimensions of the waves
on the gain are studied and Colson's result can be recovered in
the limit of a nearby detector. When compared to the Stanford
experiment, the maximum gain from our expression is found to be
1.5% for an electron beam pulse if p =0.56mm, p - 3.3mm and
eO sO
%
L =1.3mm are assumed. This is much less than thr reported 7%
e
2 2
However, since the gain depends on p p , and that we are not
©o so
sure what exactly the values of p and p were in the experiment.
©o ro
We conclude that our result gives the right order of magnitude
when compared with the experiment. As further remarks, p and p©o so
are difficult to be measured accurately, so a factor 2 is not
suprising. Finally, we should mention the following experimental
features which cannot be explained by our theory and deserves
further study:
(1)the gain curve in the experiment is not purely an odd function
and the position of the maximum gain is much larger than 6'WT =3.1.
(2)In the experiment, the magnitude of the gain and the dependence
of the gain on the electron energy was found to be independent of
5 -2
the power density ranging from 100 to 1.4x10 Wcm . However, we
find that the gain with I =14xl05Wcm 2 is 12% less than that of a
s
63
weak stimulating wave and the peak is at b wT0=3.1 and it is
different from 6 wT=2.605 for a weak stimulating wave.
64
Appendix I
Summary of Colson's theory in FEL
In this appendix, we are going to summarize the theory of
Colson in FEL. The detail of his work is refer to reference' [5].
(i) the motion of an electron
Under the effect of a plane stimulating wave and a undulator
wiggler field, according to the Lorentz froce equation, the
transverse velocity of an electron' insider the-undulator is found
to be
(1.1)
where C C are constants of integration determined by initial
x y
conditions.




The form of the solution is assumed to be z(t)=z +c? t-h5z(t) and
0 o
then the above equation can be reduced to a simple-penduium,
(1.3)
(ii)the gain
The gain of FEL can be calculated by considering the energy




where means average over £ , l(2n)J d£
o
The energy change of electron energy in a volume V will
totally be converted into the radiation energy that amplifies the
stimulating wave in that volume. Hence the gain as a function of
time is
The gain of FEL is obtained by setting t=T =Lc{3
o o
From eq.(1.3), the motion of an electron can be found and expanded
2 . 2
in terms of small parameter (Q 6w ) for a weak stimulating wave,
then we have
(1.6)
Since only a fraction of the radiation beam is amplifed, a
2 2
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